Abstract: It is known that if a rearrangement invariant (r.i.) space E on [0 1] has an unconditional basis then every linear bounded operator on E is a sum of two narrow operators. On the other hand, for the classical space E = L 1 [0 1] having no unconditional basis the sum of two narrow operators is a narrow operator. We show that a Köthe space on [0 1] having "lots" of nonnarrow operators that are sum of two narrow operators need not have an unconditional basis. However, we do not know if such an r.i. space exists. Another result establishes sufficient conditions on an r.i. space E under which the orthogonal projection onto the closed linear span of the Rademacher system is a hereditarily narrow operator. This, in particular, answers a question of the first named author and Randrianantoanina (Problem 11.9 in [Popov M., Randrianantoanina B., Narrow Operators on Function Spaces and Vector Lattices, de Gruyter Stud. Math., 45, Walter de Gruyter, Berlin, 2013]).
Introduction
First we provide some definitions and notation. Let X Y be Banach spaces. By L(X Y ) we denote the set of all linear bounded operators T : X → Y ; B X is the closed unit ball of X . Given a finite atomless measure space (Ω Σ µ), by 1 A we denote the characteristic function of A ∈ Σ; Σ + = {B ∈ Σ : µ(B) > 0}, Σ(A) = {B ∈ Σ : B ⊆ A}. For the case of Ω = [0 1] the same symbols Σ µ stand for the σ -algebra of all Lebesgue measurable subsets of [0 1] and the Lebesgue measure respectively. For elements ∈ L 1 (µ) the inequality ≤ means that (ω) ≤ (ω) holds for almost all ω ∈ Ω. We say that a Banach space E which is a linear subspace of L 1 (µ) is a Köthe Banach space on (Ω Σ µ) if 1 [0 1] ∈ E and E is solid, that is, for every ∈ L 1 and ∈ E the condition | | | | implies that ∈ E and ≤ . If, moreover, 1 Ω = 1, and for every ∈ L 1 and ∈ E the condition | | = | | implies that ∈ E and = , then the Köthe Banach space E is said to be a rearrangement invariant space (r.i. space, in short) on (Ω Σ µ). It is clear that if E has an absolutely continuous norm then E has an absolutely continuous norm on the unit, however, the converse is not true [11, Example 1.2] .
For a Köthe Banach space E and A ∈ Σ we set E(A) = { ∈ E : supp ⊆ A}. The equality A = ∈I A for A A ∈ Σ means that A = ∈I A and A ∩ A = ∅ for = . For the rest of standard terminology and notation we refer the reader to [1, 5, 6] .
Let E be a Köthe Banach space on (Ω Σ µ) and X a Banach space. An operator T ∈ L(E X ) is called narrow if for each A ∈ Σ and ε > 0 there is ∈ E such that 2 = 1 A , Ω µ = 0 and T < ε.
The notion of a narrow operator generalizes some classes of "small" operators, like compact operators (see [9, 11] ). However, linear properties of narrow operators are much more involved and not entirely clear. So, if E is an r.i. space on [0 1] with an unconditional basis then the identity operator on E is a sum of two narrow operators and, as a consequence, every operator on E is a sum of two narrow operators [9] . On the other hand, for the space L 1 which cannot be embedded in a Banach space with an unconditional basis, the sum of two narrow operators is narrow [3] . Clarifying everything these, it was shown in [7] that if E and F are Banach lattices with some mild conditions then the sum of two regular 1 narrow operators is narrow (in particular, this holds if E and F are Köthe Banach spaces on [0 1] with an absolutely continuous norm). Since all operators on L 1 are regular, as a partial case we obtain the above result. On the other hand, all examples of a nonnarrow sum of two narrow operators in an r.i. space with an unconditional basis involve non-regular operators. To this concern, lots of natural questions arise, some of which are already solved. For instance, in [8] the authors provide an example of a Banach space X and two narrow operators from L 1 to X with non-narrow sum. The sum of two narrow operators on L ∞ need not be narrow [4] , even if, in addition, they are regular [8] .
In this note we deal with two problems, one of which is, for what r.i. spaces E (more general, Köthe Banach spaces) on [0 1] the identity operator is a sum of two narrow operators? Since the composition of a narrow operator (on the right) by any bounded operator (on the left) is narrow by definition, this is equivalently asking of whether every (linear bounded) operator on E is a sum of two narrow operators. Is there such a space without an unconditional basis? Although we still do not have complete answers to the above questions, we have an answer to a weaker question. Using known results, it is easy to construct a Köthe Banach space E on [0 1] which cannot be embedded in a Banach space with an unconditional basis, and a pair of narrow operators S T : E → E with nonnarrow sum. Indeed, take 
Extending these operators by zero on the complement L 1 [0 1/2] to the entire E, we obtain the desired example J = S + T . Avoiding such a trivial case, we construct a Köthe Banach space E on [0 1] with an absolutely continuous norm which does not embed in a Banach space with an unconditional basis, such that the set of all operators on E that can be represented as a sum of two narrow operators is dense in the space of all operators in the sense of the strong (point-wise) topology.
Another problem that we are working on concerns the notion of hereditarily narrow operators. Let E be a Köthe Banach space on (Ω Σ µ) and X a Banach space. An operator T ∈ L(E X ) is called hereditarily narrow if for every A ∈ Σ + and every atomless sub-σ -algebra
is Σ 1 -measurable}). To the contrast of narrow operators, the sum of two hereditarily narrow operators is hereditarily narrow [11, Proposition 11.2] . The class of hereditarily narrow operators contains compact operators and some other classes of "small" operators [11, Corollary 11.4] . Among natural examples of hereditarily narrow operators, there is the orthogonal projection
of L for 1 < < 2 onto the span R of the Rademacher system ( ), which is neither compact, nor Dunford-Pettis [11, Proposition 11.8]. However, it was unknown whether the same is true for 2 < < ∞.
Problem 1.1 ([11, Problem 11.9]).

Let 2 < < ∞. Is the orthogonal projection P, defined by (1), from L onto the span R of the Rademacher system ( ), hereditarily narrow?
We answer this problem in affirmative. Moreover, we establish sufficient conditions on an r.i. space E under which P is a hereditarily narrow operator (in particular, the spaces L for 2 < ∞ satisfy these conditions). Finally, we list related open problems.
A Köthe Banach space without an unconditional basis and "large" set of non-narrow operators that are sums of narrow operators
First we need several lemmas.
Lemma 2.1. 
Let E be a Köthe
We remark that Lemma 2.1 is true with the same proof for the case when E is a Köthe F-space and X is an F-space. 
converges in E and formula (2) 
defines an operator T ∈ L(E X ), for which T = M. Moreover, T is narrow if and only if T is narrow for each ∈ N.
The proof of the first part of this lemma is a standard technical exercise, and the second part follows from Lemma 2.1.
Lemma 2.3.
Let X be a Banach space with an unconditional basis ( ), T : L → X an isomorphic embedding, where 1 < < ∞. Then the unconditional constant K of ( ) satisfies K T T −1 ≥ K , where K is the unconditional constant of the Haar system in L .
Proof. Formally the lemma follows from the well-known property of precise reproducibility of the Haar system in L [6, Theorem 2.c.8] for the case when T is an isometric embedding. To prove the lemma for the general case one should somewhat develop the technique used there (see e.g. [10] ) and show that, for every ε > 0 there is a block basis ( ) of ( ) which is (1 + ε) T T −1 -equivalent to the Haar system ( ) of L . Therefore, the unconditional constant K of ( ) satisfies K (1 + ε) T T −1 K . On the other hand, by definitions, the unconditional constant of a block basis of an unconditional basis does not exceed the unconditional constant of the basis itself, so K K . Thus,
Theorem 2.4.
There exists a Köthe Banach space E on [0 1] with an absolutely continuous norm possessing the following properties. (i) E cannot be embedded in a Banach space with an unconditional basis.
(
ii) Every operator T ∈ L(E) is a strong (= point-wise) limit T = lim →∞ T of nonnarrow operators T ∈ L(E) that are sums of two narrow operators T = T + T .
Proof. 
It is immediate that E is solid. To get that E is a Köthe Banach space, we show that
Now we prove that E has an absolutely continuous norm. Fix any ∈ E and ε > 0. Choose ∈ N so that 
We show that E satisfies (i) and (ii).
(i) Assume on the contrary that T : E → X is an isomorphic embedding where X is a Banach space with an unconditional basis ( ) with an unconditional constant K . Since for each ∈ N the subspace E(Ω ) = L (Ω ) is isometrically isomorphic to L , by Lemma 2.3,
, which contradicts the above inequality.
(ii) Set B = =1 Ω for all ∈ N. Since for every ∈ E the series = ∞ =1 · 1 Ω converges in norm of E (even absolutely converges) and
Using the construction from [9] (see also [11, Theorem 5.2] ), for every ∈ N the operator I we split as the sum I = Q +Q of two narrow operators Q Q ∈ L(E(Ω )). By Lemma 2.2, the operators R = =1 Q and R = =1 Q are narrow and J = R + R for all ∈ N.
Let T ∈ L(E) be any operator. By definition, the composition of a narrow operator (from the right) by a bounded operator (from the left) is narrow (formally see [11 
Hereditary narrowness of the orthogonal projection onto the span of the Rademacher system
For any = 0 1 and = 1 2 by
we denote the -th dyadic interval of level . Using this notation, the -th Rademacher function can be written as
Let E and F be r.i. spaces on [0 1] with F ⊆ E. We say that the inclusion is strict and write F E if
A We remark that, if E is an r.i. space on [0 1] which is either separable or has separable dual, then the condition G ⊆ E ⊆ G (with both non-strict inclusions) is necessary and sufficient for the orthogonal projection P defined by (1) to be well defined and bounded in E. This was independently proved in [6, Theorem 2.b.4] and [12] . Proof. By the above remark, P E is well defined and bounded in E, and similarly, P G is well defined and bounded in G. Fix some ∈ (1 2). By [11, Proposition 11.8] , the projection P L defined by (1) 
Observe that
For each ε > 0 we set
Now (6), (7) and the strict inclusion G E yield that
Observe that if ∈ [0 1] \ A (ε) then |P E ( )| ε and hence
Finally, (8) and (9) imply that lim
Note that the Orlicz spaces exp L generated by the function M ( ) = − 1 for 1 < 2, and any r.i. spaces E satisfying exp L ⊆ E ⊆ G , including the spaces L with 2 ≤ < ∞, satisfy the conditions of Theorem 3.1.
As a consequence of Theorem 3.1 and a known result, we obtain that the complementary projection to P is not narrow. Let E be a Köthe Banach space on [0 1] with an absolutely continuous norm such that the projection P E is well defined by (1) and bounded in E. Then the complementary projection Q E = Id − P E to P E is also well defined and bounded. Proof. By Theorem 3.1, P E is hereditarily narrow. If Q E were narrow then by [11, Proposition 11.2 ] the identity operator Id of E being the sum Id = P E + Q E of the hereditarily narrow operator P E and the narrow operator Q E would be narrow, which is not true.
